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ABSTRACT
We define a “space-time” boundary (referring to space-time harmonic func-
tions) to encompass random walks obtained from compactly supported dif-
fuse measures on Euclidean space, and then prove that in many cases, a
qualitative analogue of the Ney—Spitzer theorem (1966) holds, namely that
the space-time boundary admits a natural identification with the convex
hull of the support of the measure. This can also be interpreted as a gener-
alization to the diffuse case of the weighted moment mapping of algebraic
geometry. In many more cases, a weaker analogue holds, identifying the
faithful extreme space-time harmonic functions with the interior of the

convex body.

Introduction

A well known theme in the theory of random walks (on discrete abelian groups) is
the study of their harmonic functions. The space of suitably normalized harmonic
functions forms a convex set; however, this is only a slice of a much larger and
more useful space consisting of the space-time harmonic functions. This itself is
only a subset (often open and dense) of a natural compact set, in fact, a Choquet
simplex, consisting of space-time harmonic functions defined on a suitable space-
time cone determined by an initial distribution. The extremal boundary of this

Choquet simplex is a very interesting object. For example, if the random walk is
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an iid with finite support on Z¢, the extremal boundary is naturally homeomor-
phic to the convex hull of the support, and the natural map implementing this is
essentially the weighted moment map ([Od])—paradoxically, this set of extreme
points of a convex set can be identified with the set of all points of a convex

polytope, and the resulting facial structure can be exploited.

Still in the case of an iid with finite support on Z? the harmonic functions
that are extremal can be identified with the boundary of a log-convex set—the
set of nonnegative solutions to P(z) = 1 where z = exp X is in the positive
orthant of Euclidean space, (R%)** and P is the “real slice” of the Fourier
transform of the measure, viewed as a Laurent polynomial in . The remaining
extremal space-time harmonic functions are also eigenvectors (for the multipli-
cation operator) and can be identified with the boundary of the log-convex sets
{r € (R%)** such that P(z) = A} where X varies over the half-open real in-
terval [Ag, 00), with Ao = inf{P(z) such that'z € (R?)**}. Finally, the set of
extreme points of the whole space-time boundary (which will be defined below in
detail) includes all these, together with their limit points. These turn out to be
space-time harmonic functions defined on a proper space-time cone; moreover,
there is a natural identification of this set as the boundary of the convex hull
of the support of the original measure. In this context, there is a qualitative
interpretation of the Ney-Spitzer theorem [NS]. For each A > Ag, consider the
set of solutions to P(x) = A, and normalize in some way, so the volumes they
enclose are more or less comparable as A — 0o. Then after possible translation,
these shells converge to the boundary of the convex hull of the support of the
original measure. This could have been deduced from the Ney-Spitzer theorem
{which involved estimates of the distributions of high convolution powers of the
measure) had there not been an initial distortion which had the effect of making

the boundary of the convex polytope into a sphere.

In any event, in the case of an iid x4 with finite support on YAl (with initial
distribution a singleton, for example), there is a natural identification of the
extremal space-time boundary with the convex hull of the support of the measure.
If we examine the mapping which implements the identification, we also see that
it is precisely the weighted moment map of algebraic geometry, [GS], [A], [Od;
Remark, p. 94]. It also occurs in the study of an algebraic invariant for lattice
polytopes, which in turn arose from attempts to understand an eventual positivity
problem for products of polynomials, [H4] and [H8]; the latter class of problems
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was naturally suggested by problems in the computation of the ordered Ky theory
of actions of tori on certain C*-algebras. For extensions of this to compact Lie
group actions, see [H1, H2, H5, H7, H9].

The portion of the space-time boundary corresponding to the interior of the
convex body is described by a special case of the Legendre transform of convex
analysis, [Ro; Theorem 26.5] (a version earlier than this but after [NS] is proved
by Rothaus, [Rh]). In this class of examples, the Martin (exit) boundary consists
of a very small cross-section, just the solutions to P(x) = 1 (and this is insensitive
to the choice of initial distribution).

These results cited up to this point concern the discrete case, that is, an iid
with finite support. One approach adopted in [H4] and [H8], and extending
considerably an idea in [DSW], is to identify the space-time boundary with posi-
tive multiplicative functionals on an algebra naturally associated to the process.
(From another point of view, this boundary is just the Choquet boundary on a

dimension group attached to the random walk.)

If instead, p is not supported on a lattice, e.g., if 4 is the restriction of Lebesgue
measure to a compact convex body, it is not clear how to define the space-time
boundary so that the analogous results hold, at least part of the time. There
are several possible choices. One definition involving I%° functions gives a space
occurring as the set of positive multiplicative functions on an enormous partially
ordered algebra. This algebra is much too large to deal with, and the strongest
possible generalization of the main result from the discrete case (that there is
a natural homeomorphism to the convex hull of the support) fails except in
degenerate cases, which amount to the original discrete form. A much smaller
and more appropriate candidate arises from the use of continuous functions; the
problem is that the algebra (whose positive multiplicative functionals correspond
to the points of the space-time boundary) need not exist! However, in many
reasonable cases, existence can be established. It turns out that when this algebra
exists, there is a natural map from the space-time boundary to the convex hull
of the support, but in general, it is not a homeomorphism. Again, in reasonable
cases (Lebesgue measure on a polytope or a planar convex set, for example), the
map is a homeomorphism and the weighted moment mapping theorem generalizes
exactly. The map also exists and is a homeomorphism if K := evx supp p is
strictly convex (no line segments in the boundary) and p is absolutely continuous

with respect to Lebesgue measure.
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If line segments are permitted in the boundary, then there are obstructions
to the map being a homeomorphism, and moreover, this property is sensitive to
slight deformations of K. An example is a one parameter family of measures in R?
whose convex supports resemble European hockey rinks. When the parameter
is rational, the natural map is a homeomorphism, but when the parameter is
irrational, the map is not, and in fact, the space-time boundary acquires “fins”
(Example 6.3).

There is a weaker version of this class of results, which deal only with the faith-
ful pure space-time harmonic functions, those that come from the interior, and are
mapped to the interior of K. Under quite weak conditions, the analogue of this
holds even in the I¥° case mentioned above; it says that every faithful extremal
space-time harmonic function can be identified with a point of the underlying
Euclidean space, if the measure is merely absolutely continuous (Theorem 2.4).

When the strong form of the result holds, that the relevant ordered algebra
exists and the map is a homeomorphism, there is a type of “ergodic” theorem
that equates two norms, one involving space-time, the other concerned with space
alone (Theorem 5.1).

Related to this is my original motivation for studying the problem. In the dis-
crete case, the following problem arose from calculations of ordered equivariant
K-theory. Decide, given a real polynomial (in several variables) f, and a polyno-
mial with no negative coeflicients P, whether there will exist an integer N such
that the product PN f will itself have no negative coefficients. A complete solu-
tion is given in [H3]. In the case of a diffuse measure y (which corresponds to the
polynomial P), the analogous question is, given a signed real measure v (possi-
bly with I2° or continuous Radon-Nikodym derivative with respect to u), decide
whether there is an integer N such that the convolution product, p* p*- - pxv
(with p appearing N times) is a measure, that is, nonnegative. In all situations,
the space-time boundary gives useful (necessary) information about this, and in
some cases (e.g., Proposition 5.2), it even gives sufficient conditions. However,

the diffuse situation is far more complicated than the discrete case.
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1. Definitions

There are various boundaries attached to random walks and a proliferation of
definitions. The definitions we give below are motivated by the study of dimension
groups, and correspond in the discrete case to the Choquet boundary of the
dimension group associated to a finitely supported iid on Z%. We begin with a
definition in the discrete state space setting, with an added parameter, an initial
distribution. The point of view is that of traces on AF C*-algebras, equivalently
on their corresponding Bratteli diagrams [EHS], [VK], ... .

DEFINITION OF SPACE-TIME BOUNDARY, DISCRETE GROUP. Let X be a (dis-
crete) group, and let {1, p12,...} be a family of probability measures on X. Let
ito be an initial distribution on X, i.e., a positive but not necessarily finite mea-
sure thereon. The convolution of measures p and v will be denoted p * v. Define

the space-time cone determined by ug, t1, ...,
C = {(z,n) € X x N such that g, * pn_y * - - * po({z}) > 0}.

As one would expect, this cone consists of the points (x,n) in X x N such that =
can be reached from a point in the support of pg at exactly time n. A space-time
harmonic function on the cone C is a nonzero function f:C — R7 satisfying

the following property:

f(a”,n) = Z f(.’l) + vn + l)ﬂn—#i({y})’
yeX
that is,
f(_’n) = f(_an + 1) * Un41;

“space-time” is often dropped, if no confusion will result between these and spa-
tial (that is, time-independent) harmonic functions defined only for true random
walks.

The set of space-time functions forms a convex cone, and is closed in the
topology of pointwise convergence. The set of its extreme rays is the space-
time boundary of the random walk associated to {g, i1,...}. The bounded
space-time harmonic functions form a face of the convex cone; if po happens
to be the counting measure, then the set of extreme rays of bounded harmonic
functions is the Poisson boundary, here given in the topological setting, rather

than the more usual measure-theoretic one. If supp pg is finite, we may normalize
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harmonic functions, e.g., so that ZxEsupp o f(x,0) = 1. In this case, the set of
normalized space-time harmonic functions is a Choquet simplex (when equipped
with the relative product topology), and the space-time boundary is the extremal
boundary of this simplex. Of course, in this definition, only the support of pg
matters, not its actual distribution.

In this context, the usual definition of space-time boundary has u = p; =
pe = -+~ (iid), and po is either a point mass or y itself (both lead to the same
definition). Even if p has the property that the set of differences, supp u—supp p,
generates X as an abelian group (this is stronger than supp p itself generating
X—consider X = Z and supp g = {1}—but the two notions agree if zero belongs
to supp ), the space-time boundary is sensitive to changes in p9. (An elementary
iid example on Z? is given in [H4; Remark, pp. 46-47] wherein the space-time
boundary is compact and connected if the support of y is a singleton, but neither
compact nor connected for certain choices of pg with two point support.)

Note that we implicitly assumed the group operation is abelian; with care, the
definitions work in the noncommutative case as well. However, we will not be
discussing random walks on nonabelian groups here. One could permit the y; to
be positive measures (not necessarily finite); we could allow the group X to be
replaced by a discrete state space, even varying in discrete time as well. However,
these generalizations are not necessary for the purposes of this paper.

Attempting to extend this definition directly to permit diffuse measures on
locally compact (abelian) groups runs into problems, because one would like the
space-time boundary arising from an iid random walk with pg a point mass to
be compact, rather than just an open subset of a compact set. The latter is
what happens if one considers only harmonic functions on the space-time cone.
Instead we have to deal with harmonic measures. The motivation for the following
construction comes directly from the theory of dimension groups [EHS]. We only
extract little bits of the theory for our purposes here.

We temporarily return to the discrete case. Let

Sn = SUDP Ko * Ji1 % * * + ¥ fin;

this is just the set of sums 2?:0 supp g;- Since this is only to motivate the
definition to be given shortly, we assume that S, is finite for all n. Form the
finite dimensional vector spaces R5»; we note that we can identify them with

the space of signed measures on S,, M(S,), and moreover, there are linear
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maps, *py, :M(S,) — M(S,+1) given by convolution with u,,. We observe that
each M(S,,) is a partially ordered vector space (with positive cone given by the
positive measures) and the maps u,, are positive, i.e., they send positive measures
to positive measures. Thus one may form the direct limit as partially ordered
vector spaces,

H =1mM(So) =5 M(S1) =525 M(S3) =25 M(S3) 25 - -

The direct limit consists of pairs (v, k) where v is a signed measure supported on
Sk, modulo the relation (v, k) = (v/, k') if there exists [ > k, k' such that

/
R Ll Rl S R

Equivalence classes are denoted [v,k]. An element, u, of a partially ordered
abelian group G is called an order unit if for all g in G, there exists a positive
integer N such that ¢ < Nu. If supp yp is finite, it is immediate that H admits
an order unit, namely [ug,0]. This follows from the simple observation that if

g = [v, k], there exists equivalent (+/,n) such that
dv = fdu™ where f € E°(X, ,u(")),

so [v] € Mp™ for some M, and u = [ug,0] = [u(™,n).

The positive cone of H consists of equivalence classes that contain a pair (v, k)
where v is positive. Of course, dimension group afficionados will recognize this
as a special case of the “real” version of dimension groups. A linear function
7:H — R is called a trace of H (so-called because of its close connection to traces
on AF C*-algebras) if it is positive and nonzero (earlier work in dimension groups
uses the terms “state” and “state space” for trace and trace space—however, the
former usages would certainly cause confusion). Since we have assumed supp po
is finite, H will have an order unit, and we may normalize traces, if necessary.

From a trace on H, we can construct a space-time harmonic function, via
f(z,n) = 7([6z,7])

where 6, is the point mass at z. Being a linear functional on H entails com-
patibility conditions on the sequence of linear maps 7,: M(S,) — R obtained
by composing 7 with the map M(S,) — H, and these compatibility conditions
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are precisely what is required in the definition of space-time harmonic. Con-
versely, given a space-time harmonic function on the random walk with measures
1o, 41, P, - - -, & unique trace on H can be constructed from it (this is a little
more subtle, requiring the Riesz decomposition property), and this trace in turn
restricts to the original harmonic function.

The upshot of this construction is that at least in the discrete case, harmonic
functions can be identified with certain positive linear functionals on a direct
limit of ordered vector spaces. We can now give the appropriate definition of

space-time harmonic measure and space-time boundary, in the general case.

DEFINITION OF SPACE-TIME BOUNDARIES, GENERAL CASE. Here X is a locally
compact {abelian) group, p is a positive measure on X, M(X) is the algebra of
signed measures on X, I(X, 1), and I°(X, ) are the usual real I} and I¥° spaces,
and finally C(X, ut) is the image of the space of bounded continuous real valued
functions on X in I¥°(X, i), that is, the equivalence classes of continuous func-
tions modulo those that vanish on supp p. If the support of 4 is a subset Y of X,
we may also use the notation, M(Y), B(Y, u), I°(Y, 1), and C(Y, p), respectively.
For the purposes of the operations that we are going to perform on the elements
of these spaces, we regard them all as spaces of signed measures; thus, I(X, i)
consists of all signed measures that are absolutely continuous with respect to p,
I2°(X, it) consists of signed measures that have bounded (a.e.) Radon-Nikodym
derivative with respect to to u, and C(X, i) consists of signed measures which
have bounded Radon—-Nikodym derivatives with respect to u that are continuous
on the support of p.

Now let {p1, p2, ...} be a sequence of probability measures on X, and let jq
be a positive measure. Define the convolution powers, p(™ = pg % py * - % iy,

and set Z, = supp p{™. Of course

n
Zn = {Ziﬂzl T; € Suppui},
i=0

and if p; are all equal, then Z,, = (n+1)Z (the set of all sums of n+1 elements of
Zy). We will define three ordered vector spaces, which in the iid case also happen
to be algebras, whose sets of extremal traces will be candidates for the space-
time boundary, and in each case, this agrees with the formulation in the discrete
case. The first two, involving measurable or I! functions are much too massive

to calculate, and the third, involving I3° functions is much more appropriate.
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It turns out that even in the iid situation, this is still too large, and there is a
fourth candidate for the space-time boundary, arising from continuous functions.
However, it is not always well-defined! It is well-defined in many cases of interest,
and it is in this setting that the precise generalization of the finitely supported
case can be proved.

For a subset Z of X, and a measure p with support Y, there is a natural
map M(Z) - M(Z +Y) given by v — p* v. This is of course positive and
linear. Moreover if Z comes with a measure pyz, the map restricts to maps
B(Z,uz) = B(Y + Z, u*pz) and °(Z, puz) — (Y + Z, p* pz) (recall that we
regard I and I5° as spaces of signed measures). In these cases, the underlying
spaces (Z and Y + Z) containing the supports of the measures could be replaced
by X, for simplicity. In particular, we obtain three direct limi‘ —ector spaces:

Gpm =lim  M(Z) % Mz B M2, ZE,

Gae =lim L(X,p@) 2 X, p®) 22 B(x, @) 2

Goo =lim IP(X,u@) £ (X, p0) 225 pe(x, @) 2,
In each case, we consider the collection of traces, that is, the positive linear
functionals, on the limit ordered vector space together with the zero functional.
These are convex cones that can be empty or enormous simplex spaces ([AE]),
and the sets of extremal rays are candidates for the space-time boundary. The
fourth candidate, when it is defined, is much more tractable, and considerably
smaller.

Suppose for each n, that the range of C(X, 1) under convolution with fi,4;
lies in the subspace of I5° (X, (™ *1), C(X, p»*t1). This amounts to the following
condition: For all positive measures v with dv = f du{™ where f is continuous on
Zn, then we can write d(p xv) = gd(p™*+1) where g: Z,,, — R7 is continuous.
This need not hold, even in the iid case (and with ug a point mass). However, it
does hold in a variety of situations. When it does hold, we may form the limit

ordered vector space,
Geont = Im C(X, n©) 224 C(X, uV) 222, (X, p) 22, .

Then the space-time boundary of the random walk can be defined as the set of

extremal rays of traces on G.oy¢, and it is in this context that we show a version

of the weighted moment mapping theorem often holds for diffuse measures.
Now we drop the pretense of generality, and make the following assumptions.

First, we assume that X is Euclidean space, i.e., a copy of R%, and the probability
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measures, u;, are all equal to each other, say to u for ¢ > 1 (so the random
walk is an iid). We also assume that the initial distribution, po, is either u
itself or a point mass. We next assume that the support of u is compact. This
includes the case of the original weighted moment mapping theorem, wherein
1 is finitely supported on a lattice. However, in full generality, and even with
some nonsingularity assumptions, there is no guarantee that Geont even exists
{Example 6.1). We may make some simple observations.

All of the ordered vector spaces, Gaq, Gac, Goo are partially ordered commu-
tative algebras with no zero divisors. Moreover, the extremal traces of G, are
precisely the positive real algebra homomorphisms, and can be naturally identi-
fied with the real maximal ideal space (equipped with the point-open, i.e., the
weak, topology—this will be discussed in more detail below).

We note the inclusions Gaq D Gac 2 Goo 2 Geony (when the last is defined),
and the relative ordering on each one agrees with its intrinsic ordering. The
multiplication operation on Gaq is simply [v, k|[V/, k'] = [vx v,k + k). Tt is
routine to verify that this is well-defined and associative, and obviously products
of positive elements are still positive. Moreover, both G,. and G, are closed
under this operation. The convolution of two nontrivial signed measures on
Euclidean space (or more generally on a torsion free abelian group) is never zero,
and it follows easily that no zero divisors exist in G a4, hence in none of its
subalgebras.

We observed earlier that the element u = [, 0] is an order unit for Go, and
Geont (when the latter exists). Thus no trace can kill u; so we may normalize
the traces on Goo and Geont 80 that 7(u) = 1, and the normalized traces form a
Choquet simplex. We also observe that u is the multiplicative identity of Go.. It
follows from an elementary argument (in the probabilistic literature, dating back
at least to Doob, Snell, and Williamson [DSW]; it appears in work of Gelfand and
Naimark in the 1930’s), that the extremal traces are precisely the multiplicative
ones, see [H1; Theorem 1.1}, [VK]. Since they are real-valued, we can identify
them with the real maximal ideals of the algebra.

All of this applies to Geony as well, provided it is closed under the operation.
We know of no instances where Geont is defined, but the multiplication is not;
nonetheless, for the multiplication to be defined there is a formally more stringent
condition, which we will verify in a class of examples. We fix the definitions of

Goo(1) and Geont(p) to be the respective limits wherein pp is the point mass
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at the origin, and u; = pg = --- = p. The set of extremal or pure traces are
denoted To(Goo (1)) and Te(Geont (1)), respectively. These are two of the possible
choices for the space-time boundary of the random walk associated to repeated
convolution with g. In this paper, we are only able to obtain results about the
latter.

The algebras G4 and G, generally do not admit any order units at all, let
alone admit the multiplicative identity as an order unit. In these cases, the
identification of extreme traces with multiplicative positive functionals may not
hold. However, there are some situations wherein this occurs; then the trace
space is a proper subset of that of G..

In any event, we are now in a position to define a map I'*® sending the extremal
(normalized) traces of G, to the convex hull of the support of 4, K = cvx supp p.
Our assumption that supp u is compact ensures that K is compact. When G ont
is defined, '™ restricts to a map, I': Te(Geont) — K. The extension of the
weighted moment mapping theorem that we are heading for, is that under mild
assumptions on g, Geont = Geont(f2) is defined, is a partially ordered algebra, and
I' is a homeomorphism. If p is finitely supported on a lattice, I' “is” the weighted
moment map. Moreover, it will be seen that I'™ is an extension of the Legendre
transform, in a sense that will be made clear.

Let v be a compactly supported signed measure on R®. Associate to it the
real analytic function, P,:R% — R, defined via

P,(r) = /Rd exp(r - w) dv(w).

Of course, this is a real slice of the Fourier transform of v (sometimes called a
Laplace transform, but the latter usually refers to integrals over proper cones in
R%), and so P,P, = P,,,.. We note that if v is nontrivial and positive, then P,
vanishes nowhere, and is positive as a function; in particular, this applies to P,.
Let A(R<) denote the algebra of bounded real analytic functions on R. There
is a natural map F,:Go — A(R?) defined by

P,(r)
Pk(r)’

(F) Fulv,kl(r) =

The convolution formula is all that is needed to show that F, is well-defined,
and an algebra homomorphism that preserves the identity element. Moreover,
positive elements of G, are sent to strictly positive functions of A = A(R9).
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The kernel of F,, is trivial. It is frequently convenient to work with elements of
A of the form P,/P¥ rather than the original element [v, k] of G.
We notice that

oF, / w; exp (7 - w) du(w)
- = i ~w .
Obviously, the (signed) measure given by dv(w) = w; du lies in C(R?, ), so that
the element of .A(R?) given as %‘f /P, belongs to the image of F,. This finally
permits us to define I'*°, Let 7 be an extremal trace on G, normalized so that

7([t0,0]) = 1; we also think of 7 as being defined on elements in the image of
Fu- Set

r(r) = (T(% /p“),r(% /p“),...,f(g}% /pu)) € R

We check that the range of I'* lies in K, the convex hull of the support of p.

The natural map, I¥(R%, u) — Go (at the first level of the direct limit) is
obviously order preserving, and sends g to the identity element, [, 1] = [0, 0],
assuming we fix po to be the point mass at the origin. It follows easily that if
dv = f du where f is essentially bounded, then |7([v, 1])] < || fllco- Let u = (u(7))
be an arbitrary point in R%, and set f(z1,...,2z4) = Y, u(i)r; and define v via
dv = fdp. Thus |7([v,1]})| < max{|u - w| such that w € K}. By shifting K if
necessary, and exploiting its convexity and compactness, we can find a collection
of vectors {u} such that K = {w e R*|u-w <max{u-w|we K} }. For any
one of these vectors u we calculate,

/%)
i=1

d

(Sung /v

= ([, 1))}

<max{u-w|lwek}.

T () = [l (.2

Allowing u to vary over the prescribed set, we deduce that I'*°(7) lies in K.

Of course, when the set of extremal traces is equipped with the natural point-
open (weak) topology, I'*® is continuous.

We resurface to give some examples of extremal traces. For every point r
in RY, the map, [v, k| — P,,(r)/Pﬁ(r) is obviously multiplicative, as it factors
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through the point evaluation map A(R¢) — R, sending a real analytic function
to its value at . If v is a positive measure, [v,k] is sent to a positive (not
just nonnegative) real number; in particular, this is a trace on G, denoted
7r; this is a point evaluation trace. In particular, when r = 0, the effect
of the point evaluation trace is to send the signed measure to its barycentre,
normalized for the fact that the measure lives on kI, rather than . We have
a map RY — K given by r + I'®(r.). It is easy to verify that this map has
image in the interior of I, Int(K'), and is just r — (VInP,)(r). This is an
example of the Legendre transform of convex analysis. We observe that point
evaluation traces are examples of faithful traces (a trace T on a partially ordered
vector space, G, is faithful if ker 7N GT = {0}).

A theorem, due to Rothaus [Rh], asserts that with the appropriate conditions
on the measure p, the map Vin P, :Int(K ) — R? is a homeomorphism; this is
extended in the book by Rockafeller [Ro; Theorem 26.1]. Even if VInP, is a
homeomorphism, it does not follow that the restriction of I'*® to the pure faithful
traces is one to one (Example 2.5).

In the case that u is finitely supported on the lattice in Z¢. we can recover
the weighted moment map of algebraic geometry. When g has finite support in
a lattice, we can regard P, as polynomials in exponentials; thus, identifying the

monomial £ with elnTw

(for z in R? having strictly positive coordinates), the
range of 7, will consist of certain rational functions. In particular, P, = >~ A,z®
(where A, = p({w})), and T°(7) = 37, MwT(2¥/Pu)w, and restricted to
point evaluations at s = exp(r) (a strictly positive d-tuple), the map is s ~s
Y Aw(s¥/P,(s)}w, which is the weighted moment map appearing in [Od; p. 94].
See also [H4], [H6; pp. 58-61], and [HS].

In this case, the extremal traces consist of actual (space-time) harmonic func-
tions. If instead the measure is diffuse, not all traces come from functions (con-
tinuous or otherwise) on subsets of R< x N. Instead, they come from measures.
Explicitly, restrict 7 to the image of the first level of I2°(RY, u); this defines a
positive linear functional thereon; if instead, Geoni(pt) is defined, we obtain a
positive linear functional on C(L\), hence a measure on K. These are not all ob-
tainable from functions. Instead the compatibility conditions inherent in traces

on the limit serve to define (space-tine) harmonic measures.

In the next section (“Faithful traces”}, we shall show that urder fairly weak

conditions, the faithful pure traces on G () are all point evaluations, and the
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same conclusions apply with Geoni(z) when it exists. This may be viewed as a
weak generalization of the result in the finitely supported case, corresponding
to the interior. {With absolutely no conditions on g, this fails, Example 2.5.)
The following section deals with sufficient conditions in order that Geont(t) ex-
ist; the case of least difficulty occurs when K = cvx supp u is strictly convex;
more general results are also obtained. The section, “Perfidious traces”, gives
conditions under which the precise analogue of the weighted moment mapping
theorem holds, namely that G ous () exist and I': Te(Geont(it)) — K be a home-
omorphism. For example, this occurs if p is absolutely continuous and K is
strictly convex, or if K is a polytope and g is absolutely continuous with Radon-
Nikodym derivative h: K — R that is continuous and does not vanish at any
vertex.

Other results, also allowing higher dimensional faces in the boundary, are ob-
tained; however, these are not as strong. The fifth section discusses a consequence
of T being a homeomorphism, specifically that the point evaluation traces are
dense in the pure trace space; this is equivalent to a condition resembling the
ergodic theorem. Section 6 contains a couple of examples, together with a general

result on planar convex sets.

2. Faithful traces
In this section, we show that if u is a compactly supported (Borel) probability

measure on R? that is not singular, then every faithful pure trace on Goo (i) is
a point evaluation. By “not singular”, we mean that the measure has a nonzero
absolutely continuous part. In addition, if Geont(p) exists (and p still satisfies
the other assumptions), all pure faithful traces on Geone(pt) are also just point
evaluations. In particular, in the topology of pointwise convergence, the set of
faithful pure traces is naturally homeomorphic to R%, and to Int(K ), the latter
by means of the Legendre transformation. On the other hand, it is quite easy
to construct singular measures p for which K contains a d-ball, for which the
point evaluations do not exhaust the faithful pure traces on Geont (1) and Goo (1),
Example 2.5.

Recall that a faithful pure trace on G = Goo (1) (0r G = Geont(1t)) is a positive,
multiplicative homomorphism, 7:G — R such that 7(g) > 0 for all g in G*. In
this case, G has been identified with a subalgebra of A(R?), and so has no
divisors of zero. Set II = G*\ {0} (if we must specify that G = Gcont, then the
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corresponding set of nonzero positive elements will be denoted II.). Then II is
multiplicatively closed (that is, a product of any two elements of II belongs to II),
and we may form the commutative algebra G[I17!], obtained by inverting every
element of I1. (This is “localization” from elementary commutative algebra.) We
may impose a partial ordering on G[II™}], by declaring a fraction ab=! > 0 for a
in G and b in IT if there exists c in IT such that ac € G*. Since ab~! = (ac)(bc)™!,
it follows that G[II~!] is a partially ordered algebra with this ordering.
Unfortunately, 1 = [uo,0] is not an order unit for G[II!]. However, we are

really only interested in the multiplicative positive homomorphisms on G[I17].

We first observe that every faithful pure trace on G extends uniquely to a

)= :((Z) (the point

multiplicative positive homomorphism on G[II7!], via T(ab™!
being that 7(b) > 0). The next step is to show that every positive multiplicative
linear functional on G[II™}] is of the form ab™! — F,(a)(ro)/F.(b)(ro) for some
o in R? (see equation (F) of section 1 for the definition of F).

To this end, we define the algebra, £ = I

cct

(R), consisting of all signed
(Borel) measures v with compact support in R¢ that are absolutely continuous
with respect to A (Lebesgue measure) with bounded Radon-Nikodym deriva-
tive. Multiplication is by convolution. With the natural ordering (£* consisting
of nonnegative measures), £ is a partially ordered commutative algebra. Let
M, denote £7\0, and form L[II;}], the localized algebra. As with G[II71],
this is a partially ordered algebra. Define the algebra £l , obtained from the
signed measures with compact support that are absolutely continuous with re-
spect to to Lebesgue measure; define as well II; := £, ~ {0}, and the localiza-
tion, £1[II;']. We shall show that there is a natural identification of G[II~}]
with £[I7}] and £1,[TT;!] in such a way that their orderings coincide. Then we
show that every positive multiplicative linear functional on £[I13}] arises from a
point evaluation (in the appropriate sense).

Let A,(R?) denote the algebra of real analytic functions on R?; obviously,
A(R?) is a subalgebra (with respect to pointwise multiplication). For compactly
supported signed measures v, recall that the assignment v +— P, (where P, =
Jre exp(r - w) dv(w)), is multiplicative (with respect to to convolution). Since
this map sends II; to strictly positive functions in A,(R?), it extends to an
algebra embedding, £L,(I7!] — A, (R?). Moreover, the image of G under F,, is
obviously contained in the image of £1.,[TI7"], and thus F,, extends to an algebra
embedding G[II"!] — A,(R¢), whose image is contained in that of L[ITZ!]. It is
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clear that the orderings and the multiplications coincide. It remains to show the
image of G[IT™!] is all of £1_,[IT7!}; we do this by showing the former contains
L[IZY, and L[IZ!] contains £l [[I7!]. Of course, it is at this point that we
must hypothesize something about .

LEMMA 2.1: Suppose that y is a compactly supported probability measure on
R? that is not singular with respect to Lebesgue measure. Setting G = G {u),
we have G[II7Y] = L[N = LL [T If Geont(pt) exists, then Geont(p)[I7Y] =
Lo [T,

Proof:  For any compactly supported probability measure v, we define
S, = Goo(v)[lI(r)~1]; for C a compact convex subset (containing a d-ball) of
R<, let Ao denote the restriction of Lebesgue measure to C. We first show that
Sre = Sx,e for all £.

We may assume that the origin lies in the interior of C. For any integer k > ¢,
we form /\(clf), the k-fold convolution of Ac with itself. It is absolutely continuous
with respect to Axc, say with Radon-Nikodym derivative h; in fact, h:kC — Rt
is continuous, and its zero set is contained in the boundary of kC. Now t < k,
so there exists € > 0 such that tC C h™([e, 00]). Hence A < %/\(k), so that the
Radon-Nikodym derivative of the former with respect to the latter is bounded.
Thus Py, /Pfo = FaclAec, k] is the image of an element of G (Ac). Hence Ao
belongs to Sy . It follows immediately that any signed measure v in L>(tC, Ac)
belongs to Sy. Since we can obviously replace ¢ by 1/k and k by 1/c, the reverse
inclusion follows.

In fact, the argument of the preceding paragraph shows that if p; are positive
measures and ) < M ,ugk) for some positive integer k and positive real number
M, then S,, C5,,.

Now decompose p = pg + ftac into its singular and absolutely continuous parts;
the hypothesis is that the latter is not zero. Let K = cvx supp . Write dua. =
hdig. On writing dgg) = h3d)\f;?) , we find hs is continuous. So hJ l[e, 0]
contains an open set for some € > 0, and therefore contains a closed d-ball C.
Thus A¢ < %ugz), and it follows that S, . C Si.; the reverse inclusion follows
from pr,c < MAEC) for some positive ¢t and M, and Sy, = S,

We also have that u,. < g, so that S, C S,. Finally, we notice that p/ =
1L * [t is absolutely continuous, and thus S,» = S),. Any element of S, can be

written as (v1)(ve)™! = (V * pac) (V2 * ftac) ™ (where vy is positive), and we see
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both numerator and denominator are absolutely continuous (and have compact
support, are bounded, etc.), so belong to S, for any closed d-ball C.

The upshot is that S, = S, for any closed d-ball C. We now show L[I7}] C
Sxo» which will complete the proof that L[II7}] = G [II7}]. For v a compactly
supported bounded signed measure, choose a d-ball C such that |v| < MAs. By
translation, we may assume the origin is contained in the interior of C, so that
A® < Ayc and Ac < 2Xz¢. Then P, = (P,/Py,)P>.. However,

P ,p, -1
Py, = ¢ ( A )
P)\zc PAzc
expresses Py, in the form ab~1 where each of @ and b are in the image of S».,

so Py, belongs to L{IIZ}], and P,/Py, is in the image of G (Ac). This gives
an expression for v as a product of elements of Sy, so L]II}] C S, and thus

equality holds.
To see that £}

1T € £[I1Z}] (the reverse inclusion is trivial), just observe

that if v is absolutely continuous with respect to to u with support contained in a
ball C, then v * Az has bounded Radon-Nikodym derivative with respect to Ayc,
so that P, = (Poarc/Proc)(Pro/Prye) ™!, which shows v belongs to L[TIZ}].

Finally, suppose Geont(nt) exists. Observe that if v is a finite signed mea-
sure on R with compact support, then v % Ac is absolutely continuous with
respect to Lebesgue measure, and v * Ag * A¢ has continuous derivative, with
compact support. This shows Ll C Geont(p)[II7Y], which is enough to obtain
Geom (WITT) = L3I W

1

Now we have to find the positive and multiplicative linear functionals on £ ,.

It presumably is well known that they are all of the form

VetV " exp(r - w)dv(w) = P,(r) for some 7 in R¢,

but I have not been able to find a reference. It is of course standard that the
multiplicative functionals on the full convolution algebra I} (R?) are of this form
(with 7 in v/=1R¢9), but its proof has to be adapted nontrivially. One of the
problems is that -, is not continuous with respect to to the (global) I} norm,
except when r is the origin.

To get around this, let Cny denote the closed ball of radius N centred at
the origin, and write £}, = UL(Cn,A|Cn) (note the unnormalized A|Cy, not
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Acy)- Let v be a multiplicative positive linear functional on £, and denote its

restriction to B(Cn, A|Cn), yv. Then the multiplicative property is lost, but it
is still a positive linear functional on a bona fide I-space. The following general
and elementary proof of automatic continuity for positive linear functionals on
ordered Banach spaces was found by George Elliott, after I had found a very

labourious one in the case of Il-spaces.

PropoSITION 2.2 (Elliott): Let B be a partially ordered (real) Banach space
with the property that there exists positive real M such that for all b in B, there
exists ¥’ in B satisfying b < V' and ||V/|| < M|b}|. Then any positive linear

functional on B is continuous. In particular, this applies if B is an L-space.

Proof: If the positive linear functional @ were not continuous, there would exist
b; in the unit sphere of B such that the real numbers, a; = a(b;), are positive,
increasing and unbounded. By removing enough of them, we may also assume
that 3 1/a; converges. By hypothesis, there exist b} in B* such that b; < b} and
10| < M. Set

L,
¢ = —bj;
i

then ||¢;|| < M/ay, and thus {37, ¢;} converges to an element ¢ of B*. We
observe that for all n, ¢ > 22;1 ¢;. Hence

n n

a(c) > ZQ(Q) _ Z agbf) > Z ag):) = n.

i=1 =1

Since this is true for all n, we arrive at a contradiction.
If B is an B-space, we may set b’ = |b|, and then the hypotheses will be satisfied

with M = 1. [ |

PROPOSITION 2.3: Every multiplicative positive linear functional on L is given

by

v exp(r - w) dv(w)
R4

for some v in R4,

Proof- We adapt the standard proof, given in [Ru; p. 207], of the corresponding
result (with purely imaginary r) for the full E convolution algebra. For this proof,
it is convenient to drop our convention that elements of Il spaces be regarded as

absolutely continuous measures, and instead revert to the usual formulation as
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spaces of functions. Let v be the multiplicative positive functional on £}, and
denote its restriction to I(Cn), 7n. By Proposition 2.2, each 'yN is continuous,
so there exists unique By in L°°(Cy) such that v(f) = |, on (w) d\(w) for
all essentially bounded f supported in Cy. Compatlblllty of the llnear function-
als together with uniqueness of each of the O ensures that By |Cn = By (a.e.)
if N’ > N, and we may define (a.e) a function 3:R¢ — R via 3|Cy = 3. (Natu-
rally, 3 is almost never bounded, although each of the ,BN’s is.) It is immediate
that (3 is measurable, and for all functions f in L1, v fCN w) dA(w)
for all sufficiently large N. Suppose f and ¢ are supported in CN, SO thexr con-
volution product, f =g is supported in Cyn. For y in Cy, define f, with support
in Cyn via fy(w) = f(w —y). Now

AWfe9)= [ (Fra@Bwdxw) = [ (F+g)w)n(w) dXw)

_ / / £(w — 9)g(y) dA(y) Ban (w) dA(w)
weC N/ yECN

/ / w)Ban (w) dA(w) (y) dA(y)
yeCn weczN
- /C o) (fy) dAw).

Thus,

/ oW1 dAW) = 1(F * 9) = 7(F)v(e) = 1(F) / 0(4)Bn () dAY).
Cn Cn

Uniqueness of the representing measure Gy ensures that v(f)On(y) = v(fy)
(a.e. in y). If we choose f > 0 but not equal to-zero, then v(f) # 0 (since v is
not identically zero, and positivity of v entails positivity a.e. of the representing
measure By, hence of 3). Since the equation is true for all N and all positive f
in £1,, we have 8(y) = v(fy)/7(f). We may replace y by w+y for any w in R¢,
and so obtain

Y fwty) _ H(Fw)y) _ 7(f0)B(y)
7(f) v(f) v(f)

Since § is measurable, the functional equation B{w +y) = S{w)B{y) (a.e.) forces

Blw+y) = = B(w)B(y).

B(w) = exp(r - w) for some complex d-tuple r. However, since v is real valued,
so must 3 be and it follows that r is real. ]
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THEOREM 2.4: Let u be a compactly supported measure on R® that is not
singular with respect to Lebesgue measure. Then every faithful pure trace T on
each of G,c(u), Goo(1t), and (if it exists) Geont (1) is a point evaluation; that is,
there exists r in R® such that the trace is given by

Jraexp(r - w) dv(w)
(Jre 0xp(r - w) dps(w)*
Proof: We note that Goo (1) C Gaclp) C L1, [TITY), s0

T([v, k]) =

Gw(ﬂ)[ngol] = GaC(ﬂ)[H;cl )

and this equals £} ,[[T;']. Hence every faithful pure trace on any of the three (or
two) algebras extends uniquely to a multiplicative and positive linear functional
on L1 [II7']. Restricting this to L1, it is still a multiplicative and positive
linear functional, and so is of the form given in Proposition 2.3. Moreover, such
homomorphisms are strictly positive on positive measures, and are multiplicative,
so extend uniquely to the algebra obtained by inverting the nonzero positive

elements, i.e., L1 [lI7?]. Uniqueness of the extension yields the result. |

Example 2.5: We exhibit a very simple class of examples to show that the con-
clusion of Theorem 2.4 can fail if x is purely singular. (Notice that if some
convolution power of u is not singular, then Theorem 2.4 still applies.) Let p
be an atomic measure with finite support, S, in R%. Then Gont(p) is defined
and equals G, (u); moreover, by cutting down to an affine subspace if necessary,
we may assume cvx S contains a d-ball. If S is contained in the canonical copy
of of Z% in RY, or more generally, if the subgroup of R¢ generated by the set
of differences S — S = {s—s' | 5,5’ € S} is discrete (e.g., if S C Q¢), then the
point evaluations from R? exhaust the faithful pure traces on Geont(pt), and the
theorem in the finitely supported case applies. However, if this subgroup is not
discrete, then there exist faithful pure traces other than point evaluations, arising
from a copy of a larger real vector space.

To illustrate this phenomenon, let d = 1 and S = {0,1,\/5}; suppose the
measure 4 assigns equal mass to these three points (all that is important is
that it assign some to each). Paralleling the development in [H4], Geont(1t)
can be regarded as a ring of certain rational functions in the variables, x and
zV2 (replacing expr and exp(v/2r)). In particular, Geont(p) is the algebra
R[(1+z+2z) Lzl +z+22) 231+ 2+ «v?)~1], with positive cone
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generated additively and multiplicatively by the generators. Now the pure traces
arising as point valuations from R, send z to t € R+\ {0} and zV2 to tV2. How-
ever, {1, V2 } is linearly independent over the rational numbers, so {a:, xﬁ} is

algebraically independent (over the reals). In particular, we can send x and V2
to any two positive numbers we wish, and still obtain a faithful pure trace. The
set of faithful pure traces contains a copy of R? (via its exponential, the positive
quadrant), and these constitute all of the faithful pure traces. There is a natural
isomorphism between G.oni(t) and Rp of [H4; Example 1A]. The same process
will work for any finite set S, to give an isomorphism between Gcon(1t) and
some algebra of the form Rp, whose pure faithful traces have been completely
analyzed.

As a minor variation on this example, let u be an atomic probability measure
with infinitely many points in its support, S. For instance

S = {an}neN u {0} C [0,1].

Then if {a,} is rationally linearly independent, there are faithful pure traces
given by sending exp(a,r) to completely arbitrary positive real numbers, z,,
respectively, subject to a normalization condition imposed by convergence of
5" u({ar}). The upshot is a cone of faithful pure traces generating a weighted !
space. |

3. Existence results for G ont(11)

Unless g is atomic, I :Te(Goo{ts)) — K is not a homeomorphism, as C(K) is
separable; so Goo (1) is too large. Thus we work with the much smaller algebra,
Geont(p2). A problem is that for some choices of p, Geont{t) need not exist,
Example 6.1. In this section, we show in particular, that if K = cvx supp pu is
strictly convex (i.e., has no line segments in its boundary), and u is otherwise
(almost) unencumbered, then Geont{(jt) exists, and is a partially ordered algebra
(the latter is crucial when considering its extremal traces). We also obtain some
existence results when higher dimensional faces occur in K, but these are far
more difficult and technical.

Certainly, Geont (1) as defined in the introduction exists if there exists an integer
n such that for all m > n, whenever h:mK — R is continuous and dv = hdpu
determines v, then the function h’:(m+1)K — R defined by d(vu) = h' dp(m+1)
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is continuous. This says simply that the map
C(mK, ™) — B°((m + 1)K, pm*D)

given by convolution with p has range in C({(m + 1)K, u{™1). (Recall our con-
vention that C(Y,v) consists of the signed measures on Y absolutely continuous
with respect to ¥ whose Radon-Nikodym derivatives are continuous, and two
continuous functions are equivalent if the zero set of their difference has full mea-
sure with respect to p.) In fact, this is a bit stronger than is necessary for the
direct limit to be defined, since telescoping is permitted. In order for it to be
a partially ordered algebra, the following condition is sufficient. If h:mKk — R
and k:m'K — R are continuous positive functions (with m > n) and v and

are the corresponding measures, then

d(v * &) (m+m)K - R

(3.1) W.

is continuous. (On the face of it, this should have something to do with the work
of Guivarc’h [Gu}; exactly what is unclear.) -

A proper subset F' of a compact convex set ' C R? is called a face of K if
for all & in the open interval (0, 1) and all elements v and w of K, av+ (1 — a)w
belongs to F if and only if each of v and w do. A point v of K is extreme if
the set {v} is a face of K. A face F of K is exposed by u in R? (or a linear
functional on RY) if F = {v€ K | u-v = max,ex u-w}. An extreme point
is exposed if the singleton set it constitutes is exposed as a face. A compact
convex set is strictly convex if all faces are singletons, or what amounts to the
same thing (at least in R¢), the boundary contains no line segments. If K is
strictly convex, all of its boundary points are exposed [Va; Theorem 7.7, p. 94].
A compact convex subset of R? is called a convex body if it contains a d-ball.

LEMMA 3.1: Let K be a compact convex body in R® with exposed point v.
Let K; and K be convex bodies in R® such that Ky + Ky = K. Let v; be
points of K; such that v = vy + ve. Let u; be probability measures on K; with
cvx supp it; = K;, and set u = py = pp. Suppose that 1; are finite signed measures
on K;, with dn; = h;du;, where each h;:K; — R is continuous. Then

(d(m * m2)/dp)(v) = hy(v1)ha(ve).
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Let {z;} be a sequence of points of K converging to v, with the property that u

does not vanish on any neighbourhood of each z;. Then

hJIIl (ﬂ%@)(z]) = hl(vl)hz(vz).

Proof: We first observe that the v; exist and are unique, and moreover are
extreme points of K;. Let u expose v with respect to K; say, u-v = 1 and
u-v' < 1for v’ in K\ {v}. It follows easily that u also exposes each of v; relative
to K. Define

Ue={weK|u-w>1-¢},

so that {)._oUe = {v}. Denote the diameter of a set U, diam (U) (Euclidean
distance is good enough here). Then obviously diam (U,) — 0. We may suppose

e—0

u-v; = a; >0

then on + a2 =1l and u-y < o; for all y € K;\ {v;}. Define the counterparts of
Ue,
Ul={yeK;|u-y>a;—¢}.

Clearly, { (w1, w2) € K1 X Ky | wy +wp € U} C Ul x U2, As u also exposes
v, both diam (U?) — 0 as € — 0. By uniform continuity of each of the h;, for
€ > 0, there exists 6(¢) > 0 (with 6(¢) — 0 as ¢ — 0) such that |y' — y?| < 6(¢)
(where g7 belong to K;) implies |h;(y') — hi(y?)| < e. Since diam (U?) — 0 for
each i, there exists f(§) — 0 such that U? #(s) 18 contained in the ball of radius
§(¢) = & centred at v;. Choose € > 0. On Uf(e), h; differs from the constant
function with value h;(v;) by at most e. If B is an open set containing v and
contained in ball centred at v with radius 6(e) or less, then we see that

s m2(B) — ha(v1)ha(va)u |—]/Km - 2) dy(a) /ul( _ 2)dpale)

[ ] (2) — ha(v2)ha(v2) dp (y)dpa(z)
€Ky JyeB—z

/ (26(6))

< e(lhi(v1)] + lhz(vz)l)/

2
€U 25(e1)

= €(lh1(v1)] + [ha(v2)N(B).

/ ha(y)ha(z) — By (v1)ha(vs) dia (y) dpsa()
ye(B—-z

=20 a5(ey)
/ duny (y)dpa(2)
ye(B- m)ﬂU!(“(e))
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Dividing by u(B), we have

(%) % — h1(v1)ha(v2)| < e([ha(v1)] + [ha(va)]).

As € tends to zero, so do 6(¢) and f(§), and thus the radius of the ball does as
well. So (d(m *n2)/dp)(v) = hi(v1)ha(v2).

We require only a minor modification to deal with the sequence {z;}. Pick
€ > 0; there exist jo such that j > jo implies |v — 2z;| < §(€)/2. For j > jo, let
B be any open set containing z; and contained in z; 4 Bs(c)/2 (where B, is the
ball of radius a centred at the origin). Then B C v + Bs() and we can apply the
previous computation to obtain (x) (since we are permitted to divide by u(B) in
this case as well, by hypothesis). In this case, the left fraction is an approximant
for (d(m * m2)/du)(z;), which we obtain by permitting the diameter of B to go

to zero. [ |

The following is probably well known. As is usual, a measure on a topological
space is faithful if its support is the whole space.

LEMMA 3.2: Let K = K, + K, be a sum of compact convex bodies in R¢ with
probability measures u = py * po where cvx supp p; = K;. Let h;: K; — R be
continuous, and define signed measures via dn; = h; dy;. Suppose in addition
that du; = H;d\ where X is Lebesgue measure, H;: K; — R™ are continuous,
and H, vanishes on the boundary of K. Suppose in addition that i is a faithful

measure on K. Then
d(m *n2)

dp
is a function continuous on the interior of K.

Proof: We note that H; extends to a continuous function on all of R¥ by setting
it to be zero outside K;. Thus h; H; also extends to a continuous function on all
of R%. Then dn, = hyH, d)\, and the Radon-Nikodym derivative is continuous
(on all of R9), bounded, with compact support; and dnz = he Ha dA and here the
Radon-Nikodym derivative is bounded, with compact support, and continuous
except possibly at the boundary of Ko. Writing d(m * n2) = hd), it is well
known that h is continuous. Similarly, d(p1 % p2) = H d)\ where H is continuous.
Faithfulness of p; ensures that H vanishes nowhere on the interior of K. Then

d(m *m2) _ . né;m) h
du % H
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which is continuous on the interior of K. 1

COROLLARY 3.3: Let u be a probability measure on R® such that
K = cvxsuppu

is a compact body. Suppose there exists a neighbourhood U in K of the boundary
of K such that u is faithful on U. Then there exists n such that for all m > n,

pl™) = s .. x p is a faithful measure on mK.

Proof: If '™ is faithful on nK, then all higher convolution powers are also
faithful on the corresponding multiples of K. Hence we need only show some
power is faithful on the convex hull of its support; this means we can systemati-
cally replace u by a power of itself at any point in the argument. By compactness
of the boundary, there exists a positive real number ¢ such that if &£ is a point in
K with ||k — v|| < ¢ for some v in the boundary of K, then k belongs to U. By
convolving p once with itself and shifting K (say so that the origin lies in the
interior of the support), we may assume €K and S, = K'\(1 — €)K are contained

in the support of u for some positive e. Then the support of x(™ will contain
U (aeK + (m — a)Se),
a=1

and it is not difficult to verify that this will exhaust mK if m > 2/e. |

THEOREM 3.4: Let u be a probability measure defined on R® with the following
properties.

(a) K := cvx supp p is a strictly convex compact body in R¢;

(b) u is absolutely continuous with respect to Lebesgue measure.
Then Geont (1) exists and is a partially ordered algebra.

Proof: Since cvx supp #{™ = mK, we may replace p by a convolution power of
itself at any point. From absolute continuity, convolving p with itself a couple
of times will allow us to assume that it has continuous Radon-Nikodym deriv-
ative with respect to Lebesgue measure. A further convolution will allow us to
assume that the Radon-Nikodym derivative is strictly positive on the interior
of a neighbourhood of the boundary. By Corollary 3.3, a further convolution
power will be faithful, and yet another will guarantee that the current Radon—
Nikodym derivative be strictly positive on the interior of the convex body. So
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we are in the situation that dp(™ /d\ = H where H is strictly positive on the
interior of nK, and of course vanishes on the boundary, and is continuous (it of
course extends to a continuous function on all of R%); moreover, these properties
persist if n is increased. With H playing the role of H; in Lemma 3.2, we have
that f = d(m * 12)/du™*Y is continuous on the interior of (n + 1)K. Every
boundary point of a strictly convex compact set is exposed, so by Lemma 3.1, f

is continuous on all of (n + 1)K. |

The strictly convex situation is perhaps disjoint from the original context of
the finitely supported case. It is considerably easier to give an existence result
when there is “enough” measure attached to the boundary. On the other hand,
when there is not enough (or as more frequently happens, none at all) measure
assigned to the boundary, the conclusion of Theorem 3.4 actually fails, even when
dp/dX is C* and vanishes nowhere on the interior of K (in fact for K a square),
Example 6.1. In order to obtain existence theorems for more general convex
bodies, a somewhat more complicated development is required, examining the
behaviour near the boundary.

Let F be an exposed face of K with dim F' = f; we assume f > 0, so F' is
not a singleton. The set of vectors in the unit ball of R® that expose F spans
a subspace of dimension d — f in which it is open. Let u be any unit vector
that exposes F, normalized so that u-w =1 for w in F. For 0 < §, define
As = {w € K |u-w > maxyex {u-w} —86}. Define probability measures p

on K via
[, hw) du(w)

/weK hlw)dps = == )

for continuous A: K — R. It is completely routine to verify that any limit point
(in the weak topology) of a countable subsequence of {yus}, with the §s tending
to 0 must be supported on F. In general, it is not true that {4s} converges to a
measure even when p is absolutely continuous with respect to Lebesgue measure
and its Radon-Nikodym derivative is C*°. Let us assume that {us},_,, converges
to a measure pp. (Simple examples with d = 3 and f = 1 reveal that pr depends
on the choice of exposing vector u and not just the face F). This is often easy
to verify.

If F consists of a single vertex, then up must be the point mass, and of course
convergence does occur (no matter which p we pick!). This is what makes the
strictly convex situation much easier to deal with than the more general case.



Vol. 86, 1994 BOUNDARIES FOR RANDOM WALKS 133

Compare the following with Lemma 3.1.

LEMMA 3.5: Let F be an exposed face of dimension exceeding zero, of the com-
pact convex body K let i be a probability measure on K with cvx supp pp = K.
Suppose {us}s_o — wr, and moreover assume that pr has no mass on the
boundary of F. Let m and n be positive integers, and let h;:mK — R and
ha:nK — R be continuous functions, with corresponding signed measures 7;
defined by dny = hy du™) and diy = hy du™. Let n;,F be the signed measures
given by dm g = hy|(mF) dug") and dna,r = ha|(nF) dugf). Then for all v in
(m+n)F,

d(m * n2) _ d(Th,F * 772,F)
dpmm V) = PR (v)-

Let z; be a sequence of points of (m + n)K converging to a point v in (m +n)F
with the property that u{™*™ does not kill any neighbourhood of any z;. Then

i S ) - e )
dpp

j du(m+")
Proof: Let F denote the affine span of F, so that F'is a translate of a subspace of

R4, say having dimension f with 0 < f < d. Fix a unit vector u exposing F with
respect to K, and define Ac, = {w € mK |u-w > (max,emkx u- 2) —€}. For
€ > 0 there exists t(¢) > 0 (depending on m, but in an obvious way), such that
dist (w, F) < t(e) for all w in A, with t(¢) — 0 as € — 0. Define P.: A, ;, — mF
via P.(w) = wp where wp is the closest point in mF to w. Then P. (depends
on m) is continuous. For continuous h:mK — R, define h*:A.,, — R via
h*(w) = h(wp). Uniform continuity of h yields [|h — h¢|| =~ < s(e) where
s(€) — 0 as € — 0; obviously s depends on h. ‘

Now apply the preceding with m = m(s). If w; belong to m(i)K respectively
and w; + w2 lies in A¢ 1m(1)4m(2), then it is immediate that w; belongs to A m(;)-

Hence for W C A¢ m(1)+m(2)s
M * (W) = / m(W — z) dna(2)
K

= / / hy(z)ho(2) dp™ D) (1) du™®(z).
Ae,m(Z) W—z

If we let W range over a family of balls with radii converging to zero and centred

at the same point, y, then we obtain

d(m * 7 m
dﬂ(5n(11)+r:()2)) (y) = / hy (y - Z)h2(z) di“( (2))(z)'
e,m(2)
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The absolute value of the difference between this and

/ S — 2)h5(2) dum®)(2)
A

e,m(2)
is bounded above by u(™@) (A, .(2))(lh1lls2(€)+halls1(€)) (using the supremum
norm). For y in (m(1) + m(2))F, we deduce that as € — 0,

I hi(y — 2)ha(z) du(m@)(2)
= - hi(y — 2)ha(2) dur(2).
pm @) (A m(z)) )F 1(y = 2)ha(2) durp(2)

This yields (with y = v) the first conclusion.
For the second, set y = zj; as z; — 0, the corresponding € (required so that

Ac m(2) contain z;) go to zero and uniform continuity of h; yield the result. |

The argument in the proof can be modified if we merely require that
,ug?)(a(nF )) — 0 asn — 00, instead of insisting that the measure of the boundary
of F' be zero.

THEOREM 3.6: Suppose that p is a probability measure defined on R® such that
(a) K := cvx supp p is a compact convex body;
(b) p is absolutely continuous with respect to Lebesgue measure;
(c) every face F of dimension exceeding zero of K is exposed and there is a
choice of exposing vector so that u. converges (weakly) to a measure pp
on F such that up(0F) = 0.
Then Geony (1) exists and is a partially ordered algebra.

Proof: The smoothing argument in Theorem 3.4 permits us to assume the R-N
derivative of p with respect to Lebesgue measure is continuous and vanishes on
the boundary; then continuity on the interior of the relevant Radon-Nikodym
derivatives follows as in that proof, and continuity on the boundary follows from
Lemma 3.5. L}

It is reasonable to conjecture that if Geont(p) exists and is a partially ordered
algebra, then for every exposed face F, up exists.

Convergence of p. is an interesting property. All limit points will automati-
cally be supported on F, so the limit measure, if it exists, will be a probability
measure on F. For instance, suppose du = hdAg, K = cvx supph, h: K — R is
continuous and does not vanish identically on F'; say the latter is of dimension f.
A plausible guess is that {u.} converges, and it should converge to the measure
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obtained by normalizing f-dimensional Lebesgue measure on F weighted by hlp.
If f =d—1 (i.e., F is a facet, a face of codimension one), then F is automatically
exposed (as are all maximal proper faces), and a simple argument will be given
to show that both parts of the guess are true. However, if f < d — 1, it is easy
to give examples where p, converges, but the limit will not have R-N derivative
h|F; moreover, the limit measure depends on the choice of exposing vector u.
(In three dimensions, take a wedge which is obtuse at the front and very sharp,
i.e., acute, at the back, with the face being the obvious edge, and with A = 1;
there is more mass at the front—the cross-sections are bigger—than at the back,
80 any limit measure will have more mass near the front than the back, and thus
cannot be Lebesgue measure.)

If & is identically zero on the face, then {c} need not converge at all (Example
6.1). If F is a facet and h is the restriction of a function real analytic on a neigh-
bourhood of F in R%, then an easy argument reveals that the limiting measure
exists and is given by renormalizing (u - Vh)|r (where u exposes F') if the latter
is not identically zero; otherwise take a sufficiently high directional derivative.
For lower-dimensional faces, there are problems in deciding convergence; this is
already apparent in the argument of Lemma, 3.5.

To obtain some results about convergence of {x.}, fix a compact convex body
K with measure u satisfying cvx supp ¢ = K, that is absolutely continuous with
respect to Lebesgue measure; suppose h is the R-N derivative (with respect to
Lebesgue measure). Let F be an f-dimensional face exposed by the unit vector
u, and form A, as above, together with the flat

K€={k€K|u‘k=(maxu-w)—e}.
weK

The boundary of A, is K. together with (for € sufficiently small) the graph of
a function g.: K. — R*. The graph of g is just the portion of the boundary
of K cut off by K.. Since A, is convex, —g is convex (as a function), and so
g is continuous on the relative interior of K. (a d — I-dimensional space) [F;
Theorem 3.5, p. 110]. For e in F, let C, ¢ be the d — f-dimensional cross-section
obtained by intersection A. with the affine space passing through e orthogonal
to F'. Possibly for some points on the boundary, Ce  will be a singleton; to avoid
this and other pathologies, we observe that for any closed neighbourhood in the
relative interior of F, for all sufficiently small € > 0, not only is C. N K, of
biggest possible dimension, d — f — 1, but C, . is the convex hull of K. with the
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graph of g|k_, for all e in the neighbourhood. Again by making ¢ small enough,
we can also assume that C. . consists of precisely the points w in A for which
e is the nearest point in F to w. Let B be such a closed neighbourhood; we are
free to increase B so that Ap(B) is arbitrarily close to 1 (in order to have the
other properties holding, this will require reducing ¢).

Write du = hdA. Let ) denote d — f-dimensional Lebesgue measure, and let
¢:K — R be continuous. We wish to investigate the behaviour (as e — 0 and as

B tends to F) of

[, qhd
(1) pe(q) = W-

By Fubini, for any continuous p: K — R,

(2) /de)\zj;epfée'epdj\d)\p(e).

As p is uniformly continuous on K, there exists s(¢) (depending on p) such
that |p(w) — p(wr)] < s(€), where the latter goes to zero as ¢ does. The
expression (2) is approximated by [.p(e) dA(C..) with an error of at most
Ir $(€)A(Ce.c) dAp(e) = s(e)A(B). Apply this in (1) with p = gh and p = h.

Set M = [, q|F h|[FdAp, N = [y h|FdAr, 61 = [, qhdX — [, q|F hIF d)r,
and 6y = ng hd) — fB h|F dAp. Then

J4, ghdA _ [ alF h|F dAp _M+4H M
[ hdx ~ [ WFdr  N+& N
6y M &

“N+6, NN+6,

(3)

We are assuming h is nonnegative, and at this point we must assume h|F is not
identically zero. We show that 6;/N and é2/N go to zero as € does. However, §;
is at most sqn(€)A(Ac), 62 behaves similarly, and

N= /B (hIF) X(C..0)dAp.

By picking a neighbourhood in B where h is greater than some number x, we
easily obtain N exceeds some multiple of A(A¢), the multiple not depending on
€. So both §;/N tend to zero, and thus the difference in (3) tends to zero.
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Consider the normalized distributions (i.e., nonnegative functions whose inte-
grals are 1) on F,

De = S(ce,e)//Fce‘g drp(e).

For ¢ fixed, the function D, :Int(F) — R* is continuous. If D, converges point-
wise almost everywhere (as € tends to zero), say to D, then {u.} will converge to
the measure on F whose R-N derivative with respect to to Ag is D, and we will
be done. (Observe that we are not required to show that D is continuous, simply
that the measures given by D, converge weakly.) So it remains to investigate
conditions under which this convergence occurs. (Note that we can expand the
domain of D, to the relative interior of F, by continuously enlarging the closed
neighbourhood B as e shrinks.)

If i is a polytope (or is locally a polytope, around the face F'), then in fact
for all e in the relative interior of F and sufficiently small € (depending on e),
and all ¢ in the interval (0,1),

MCeye) = t7IMC.0).
To see this, we pick our closed neighbourhood B in F and by selecting ¢ suf-
ficiently small, for all e in B, the set of points in A¢ nearest to e lies on the
orthogonal set C, ., which is itself a polyhedron and a cone with base in K.
Dilating €’ just truncates the cone, so its d — f-dimensional volume is multiplied
by the amount of the dilation to the d — f power. Hence for each e in the interior
of F, {D. .} is eventually constant (as e goes to zero), and this is more than
enough to guarantee pointwise convergence a.e.

The upshot of this is that if K is a polytope and h does not vanish identically
on a face of dimension exceeding 0, then p. does converge to a measure on F. (If

F is zero dimensional, convergence is automatic, as we have seen.) Hence:

COROLLARY 3.7: Let K be a compact convex polytope with interior in R and
let u be a probability measure on K such that cvx supp p = K and dp = hd),
where h: K — R is continuous and does not vanish identically on any proper
face of dimension one or more. Then Geont(pt) exists and is a partially ordered
algebra. Moreover, for each face F of dimension exceeding zero, pr exists and
contains supp h|F' in its support.

Since convergence of {p.} is linked inextricably with the cross-sectional volume

function S\(Ce,e), it is worth investigating the behaviour of the latter as € goes to
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zero, for more general convex bodies. For example, if the face is of codimension
1, then C, . is simply a line segment of length proportional to ¢, and the D, are
again ultimately stationary for every e in the relative interior of F' (one can think
of this case and the zero dimensional case as special cases of “polyhedral” cones,
because the arguments parallel those for polytopes).

V. Zurkowski observed that any limit measure of {D.} has a continuous R-N
derivative that cannot vanish on the relative interior of F.

If h|F vanishes, it can still happen that {g} admits a unique limit measure.
For example, suppose F is a facet exposed by the unit vector u, h|F = 0 and
(u- Vh)|F does not vanish identically. Then {x} converges to the measure on
F with R-N derivative (u - VR)|F renormalized. To see this, approximate A,
by B as we did before, so that the cross-sections C, . are just line segments of
the same length [ (depending linearly on ¢). Integration over P!(B) is quite
easy, since it is a product space (B with an interval}—for s: K — R continuous,
[ JiosdtdAp equals [ 7 s(e—ut) dtdAp(e), so [, hd\issufficiently closely
approximated by e [, f::o h(e — ut)/edtdAr(e), and this closely approximates
€ [p(u - Vh)|F dAp, etc. (the details are routine). However, when F is lower

dimensional, it is not clear what happens.

4. Perfidious traces

Here we show that in many cases, the map from the pure trace space of G =
Geont(#t) to K = cvx supp , I': Te(G) — K, is a homeomorphism, and describe
how pure traces arise as limits of point evaluation traces.

Let u and a be points in R¢, with u nonzero. Define the ray, X, ,:[0, 00) — R4
via X(t) = Xy o(t) = tu + a. We create a one parameter family of pure traces
on each of Gac(pt), Goo(1t), and Geont(p) (in the last case, if it exists),

_ Jpeop(X (1) w) dv(w)
™ Jne e p(X(0) - w) du(w)’
Then I'®°(yx()), I'(vx(t)) are paths in K. It turns out that all the limit points
of these paths (as t — oo) lie in the face of K exposed by u, that is, in the face

x o (v, k)

w €K |u-w =maxu-wy .
weK

We have something a bit stronger; this is almost entirely in [H4; Lemma ES8,
p. 125], but the proof is included here because of conflicting notation.
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LEMMA 4.1: Let {r} be an sequence of points in R¢ such that y is a limit point
of {T*°(,,)} in K, and liminf ||ri||2 = co. Then y belongs to the union of the
faces of K exposed by the limit points (in the unit sphere of R?%) of {—1‘*—}

Trellz
Proof: Define probability measures on K, du by normalizing exp(ry - —) du so
that its mass is one. Choose a limit point of this family of probability measures
(in the weak topology), v. We show that the support of v will be in the face
exposed by a limit of {rg/||re|l2}-

Form uy = 71 /||rk||2; we may refine the sequence {r;} so that duy converges to
v, and let u be a limit point of the corresponding points of the sphere, {ri/l|rkl2};
we may refine the sequence so that u; converges to u. Let b be a real number
less than a = sup{u-k | k € K}, and let I be the face exposed by u. Let A be
the closed set {w € K | u-w < b}; pick a real number e between a and b, and
let B be the slice {w € K | e <u-w < a}. We show that v(A) = 0.

We may translate K so that ¢ > ¢ > 0 > b. By assumption, K contains
interior, so F' # K. Then
_ [aexp(r* - w) dp(w)
= Ty exp(r - w) diw)

p(A) sup { exp(r¥ - w) |w € A}
=~ w(B) inf {exp(r¥-w) |w € B}

Let M = sup,cg ||w|]. Given € > 0, for all sufficiently large k¥ and all w in K,
luk - w — u-w|| < eM. Select € so that eM < |b; then ug - w < u-w + eM for
all win A. Hence for all sufficiently large &, and all w in A, - w < 0. So the

pi(A)

(1)

numerator is bounded by v(A).

We also have ug - w > u-w — eM. We may further reduce € so that eM <
e/2. Hence for w in B and all sufficiently large k, uy - w > €/2; for such w,
re - w > §||rk]l. So the denominator of the expression in (1) is bounded below
by p(B)expe|re|l/2; since the original set of ry's has no bounded limit points,
the refined set does not either. So as k increases, the denominator becomes
arbitrarily large. Hence v(A) = 0.

Translate K back to its original position, and let b take any value less than a.
We deduce that v(A\F) = 0, so v is supported on F.

Point evaluation traces are sent by I'™® (and by its counterpart T') to the

barycentres of the corresponding measures, i.e.,

7,r—»/Kwexp(r-w)d,u(w)//Kexp(r-w)d,u(w).
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From v being a limit point of the corresponding measures, we have that y =
f x Wdv, whence y lies in F. This obviously applies for each choice u of limit
point of {”—T’:”—Z} 1

Suppose v is a pure trace of Geont(it) (which we now assume to exist). Then
we obtain a compatible family of positive linear functionals, p,:C(nK) — R
obtained from the maps C(nK) — C(nK, (™) — Geont(p). We often use p,, to
denote the corresponding probability measure it induces on nK. It is reasonable
to call {p,} a harmonic family of measures.

Let u and a be a pair of vectors in R? with u not zero, and suppose that u
exposes a zero-dimensional face, i.e., an exposed point v of K. For each integer
n define the positive linear functionals, p, as the point mass at nv (the corre-
sponding vertex of nK). We claim (a) that {p,} defines a multiplicative trace
on Geont, and (b) that the resulting pure trace is obtained as the limit of vx, _ (1)
(t — o0).

Without loss of generality, we may assume ||u||z = 1. Pick a strictly increasing
unbounded sequence {tj},cy of positive numbers, and set rr = txu + a; then
ug = 1 /||rk|| converges to u. Then Lemma 4.1 applies, and we deduce that the
limit point y must be v. We can also apply this with y replaced by u(™ for any
positive integer n, so that v will be replaced by nv. Let v be a signed measure
on nK such that dv = hdu(™. Set v* = Yr.; then
 Joxe Mw) exp((tru + a) - w) dp™ (w)

k
@ 7 ([n]) = [ exp((tru + a) - w) dp(™ (w)

- / h(w) dui(w),
nkK

where py is defined as in the proof of Lemma 4.1, with respect to u(™. Any
limiting point of the probability measures p, must have its support in the face
exposed by u, in this case, the singleton consisting of nv. Hence these converge
to the point mass, and so the limit, as & increases, of the terms in (2) is simply
h(nv). This simultaneously proves (a) and (b).

The upshot is that given an exposed point v of K, there is a unique multi-
plicative trace 4 of Geont such that both I'(y) = v and 4 is a limit of point
evaluation traces, its corresponding sequence of measures consists of the point
masses at nv, and it can be obtained as the limit of point evaluation traces by

taking any ray in R¢ whose directional derivative exposes v as a vertex of K.
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In the case that K is strictly convex, every boundary point of K is a vertex,
so we obtain a family of pure traces such that I' induces a bijection between it
and the boundary of K. We now proceed to show that I' is a homeomorphism
between the pure trace space, Te(Geont(pt)), and K. A particular consequence
is that the point evaluation traces are dense in the pure trace space (a property
which is neither obvious nor generally holds, even for reasonable choices of ).
Whenever this phenomenon occurs it follows that I' acts by sending traces to
their “barycentres”. Explicitly, if v is a pure trace, it induces a positive linear
functional on the first level, C(K, u1), hence a probability measure p on K; then
['(7) is the barycentre of p, that is, [ « wdp. This is not obviously a consequence
of the definition of T.

PROPOSITION 4.2: Let p1 be a probability measure on R® such that
K = cvx supp i

is a compact convex body. Suppose that G .ont(1t) exists. Let v be a pure trace
that is not faithful, and let {p,} be its corresponding harmonic family of mea-
sures. There exists a proper face, F, of K such that p, has its support in nF,
and additionally for all sufficiently large n, cvx supp p, contains a point in the
relative interior of nF'.

Proof: By hypothesis, y[n,n] = 0 for some n and nonzero positive measure
n with dn = hdu™ and h:nK — R continuous. If W is the cozero set of
h (ie., W = {we€ K | h(w) > 0} ), then obviously p,(W) = 0 and for all m,
pntm(W + mK) = 0. Suppose that Y is an open subset of pK (for some p)
whose closure lies in the interior of pK. Then there exists an integer M > n
such that MY C W + (Mp — n)K (the distance from MY to the boundary of’
MpK becomes arbitrarily large). There exists a continuous nonnegative function
g with support contained in W such that if gas is the Radon-Nikodym derivative
of pxpMP=") (where dp = g du(™), then MY C g ([1=6,1]) for some & between
0 and 1. Define np via dny = gar du™P). If 7 is a measure with dr = f du(®
and the continuous function f is supported in Y, then 7(M) < Npu, for some
integer N. Hence [7™), Mp] < N{ny, Mp]. Since g is supported in a set that
is killed by pn, v[nm, Mp] = v[p,n] = 0. Thus ~[xM) Mp] = 0. Since v is
multiplicative, y[r,p] = 0. Hence p,(Y) = 0.

So any open set with closure in the interior of pK is killed by p,, for any p.
Hence the support of p, is contained in the boundary of pK. Next we show
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that cvx supp p, is contained in the boundary, which is another way of saying
supp p, is contained in a proper face. Let F and F’ be faces of K whose sum
contains a d-ball. Let U and V be disjoint closed subsets of the two faces pF, pF’
respectively, such that U N pF' and V N pF are empty, and we can additionally
choose them so that U + V itself contains a d-ball. There exist nonnegative
continuous functions f, f’ respectively on pK such that f is zero on V, one on U
and very small off a small neighbourhood of U, f’ satisfies these properties with
U and V interchanged, and supp f N dpK C pF, supp f' N dpK C pF’. Form
the corresponding measures via dng = fdu® and dn, = f'du®, and convolve
them.

Suppose that each ¥[n;, p] # 0. By multiplicativity, y[n1%n2, 2p] # 0. Observing
that U + V contains a d-ball, it is easy to see that py, contains an interior point
in its support. This is a contradiction. Hence the support of p, is contained in
a proper face. For each p, there exists a minimal face F, of K such that pF,
contains the support of p,. The same addition argument yields that all the F,
must be the same for all sufficiently large p. |

THEOREM 4.3: (Generalization from finitely supported measure to measures the
convex hull of whose support is a strictly convex body.) Let K be a compact
strictly convex body in R%, and let u be a probability measure on K such that
K = cvx supp . Suppose that Geont(pt) Is defined (as occurs if y is absolutely
continuous) and p is not singular. Then:
(a) The natural map I': Te(Geont (1)) — K is a homeomorphism.
(b) The point evaluations traces are dense in the pure trace space of Geont(1t).
(c) All non-faithful pure traces are of the form [n, k] — d—l‘f{%(kv) for each v in
the boundary of K.
(d) Each of the non-faithful pure traces is obtainable as the limit (as t — o0)
of point evaluations vx, , (1), where u exposes v relative to K and a is any

vector.

Proof: (a) We have that I': Te(Geont(p)) — K is a continuous map between
compact Hausdorff spaces. It is onto, since the map restricted to the point
evaluations is just the Legendre transformation, and that maps onto the interior
of K. It suffices to show I' is one to one. Pick w in K, and let +; be pure traces
such that I'(y;) = w.

If w lies in the interior, then by Proposition 4.2, neither v; can be non-faithful,
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so must be faithful. By Theorem 2.4, v; are point evaluations, say at r;; but the
value of I" at a point evaluation at r is simply the Legendre transformation of
r. Since the Legendre transformation is one to one (on points of R%), r; = ry,
whence v; are equal to each other.

If w lies in the boundary, each v, must be non-faithful (as extremal faithful
traces are point evaluations, so are sent to a value of the Legendre transform,
hence to the interior of K). Each has a corresponding family of probability
measures p,; on nK, and by Proposition 4.2, p, ; is supported in nF(i) where
F(i) are faces of K. For a strictly convex set, the proper faces are singletons, so
F(i) = {v;} with v; being vertices. It is easy to check now that T'(7;) is thus v;,
80 v; = vg, and thus p,; = pn,2 for all n, whence v; = 2. In particular, T' is
one to one, concluding the proof that it is a homeomorphism.

Part (b) is an immediate consequence of this, Proposition 4.2, and the earlier

comments, as are parts (c) and (d). "

If we permit line segments in the boundary of our convex bodies, more com-
plications arise. Note that the assumption in the following that Geont(pe) exist
and be a partially ordered algebra is often redundant, by results of section 3
(Theorem 3.6 or Corollary 3.7).

THEOREM 4.4: Let K be a compact convex body in R¢, and let i1 be a probability
measure on K such that Geont (1) exists and is a partially ordered algebra, having
the following properties:
(a) K = cvx supp y;
(b) u is absolutely continuous with respect to Lebesgue measure on K and
h = du/dX is continuous as function on K;
(¢c) every face F of K is exposed and for every face of dimension exceeding 0,
{ne} (see section 3) converges to a measure on F, up;
(d) for all faces F of dimension greater than zero, cvx supp ur = F;
(e) for all proper faces F of dimension exceeding zero, every pure trace on
Goo(pr) Is a point evaluation (viz. Theorem 2.4).
Then T': Te(Geont(1t)) — K is a homeomorphism. In particular, the point evalu-
ations are dense in Te(Geon(pt))-

Proof: It follows from assumptions (b) and (d) that some convolution power of y
is faithful on the corresponding multiple of K. It is convenient at various points in

the argument to replace p by a convolution power of itself; the hypotheses remain
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valid. As Geont(p) exists and is a partially ordered real algebra, the pure traces
on it are precisely the positive multiplicative linear real-valued homomorphisms.
It suffices (as in the proof of Theorem 4.3) to show I' is one to one. By Theorem
2.4, I induces a bijection between the faithful pure traces and the interior points
of K. So suppose v is a pure trace that is not faithful, and let {p,} be the
corresponding sequence of probability measures on {rK} induced by v. By
Proposition 4.2, there exists a proper face F' such that cvx supp p,, is contained
in nF and contains a relative interior point thereof.
Define the following subset of Geone(tt),

m dv
Ip = { [v,m] € C(mK, ut™) | (m)

50}.
mF

It is easy to check that Ir is well-defined and a directed, convex subspace of
Geont(p); it is thus an “order ideal” init. It is also an ideal in the algebraic sense,
and we can factor out Ir and impose the quotient ordering on Geont(1t)/IF so
that the latter becomes a partially ordered algebra. Note that I is contained in
the kernel of v, so the latter induces a multiplicative, hence pure, trace ¥, on the
quotient Geont{(pt)/Ir. The idea will be that the quotient is naturally isomorphic
with Geont(pr) and 7 will be a faithful trace on the latter.

The restriction map C(mK,R) — C(mF,R), g — g|F, is compatible with the
convolution operation that yields the map

C(mK, p™) = C((m +m')K, pm+™)),

by Lemma, 3.5, with 7o = ,u(m'). It follows that Geont(1tF) exists and is a partially
ordered algebra, and the map Geont(#t) — Geont(pr) (induced by restriction) is
multiplicative; moreover, it is positive (nonnegative measures are sent to nonneg-
ative measures). If [y, m] in Geont(u) is in the kernel of the map, then it follows
immediately that the support of ¥ must be disjoint from the support of ug").

If supp pr contains a relatively open neighbourhood of F, then on replacing
¢ and pr by a sufficiently high power, we can assume that supp gr is all of F
(Corollary 3.3). Then the kernel of Geont(pt) — Geont(r) consists exactly of
the equivalence classes [v, k] where dv/du(¥) vanishes on kF, i.e., the kernel is
exactly Ip.

However, all we can assume is that the vertices of F' belong to the support of
ur. Let doF denote the set of vertices of F'; md.F will denote the set of all sums
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of m elements of d.F. It is easy to see that the union,

md.F
U ( )

meN m

is dense in F' (the notation is unfortunate; the m in the numerator refers to all
possible sums of m elements, while that in the denominator is supposed to divide
every element of the set in the numerator by m, to bring the elements back to
F). If [v, k] is in the kernel of the map Geont(ft) — Geont(tr) With continuous
dv/du® = g:kK — R, then each of g; := d(v * p®)/dp*+D:(k + )K — R is
also in the kernel, and so must vanish on the support of u(*+9. For convenience,
we may assume k = 1. Suppose g|F is not zero. The support of g|F' contains the
closure of an open ball, hence a closed convex body, call it C, so that if S is the
set of sums of [ elements of d. F, then S;+ C (the set of all sums s+c¢ where s € 5
and ¢ € C) is contained in the support of g;1|({+1)F. Now (S;+C)/(I+1) is a
compact subset of F' which is the closure of its interior. It is routine to show that
for all sufficiently large I, there exists § > 0 such that (S, + C)/(l + 1) contains a
d-ball of radius 6. It follows from the density of the displayed set that for some
I, (14 1)F Nsupp gi+1 is not empty. However, this means [v * u(), 1 + 1] does not
go to zero under the map to Geont(itr), a contradiction.

Hence in general, the kernel of the map Geont(tt) — Geont{ptr) is contained
in Ir, and the reverse inclusion is trivial (and unnecessary). Thus v induces a
positive multiplicative linear map 7:Gcont(r) — R. The latter is thus a pure
trace.

By Proposition 4.2, if 5 were not faithful (as a trace on Geon(pr)), then
its corresponding compatible family of measures would be supported on a proper
subface of F'. However, F' was defined as the smallest face containing the support
of the measure corresponding to v, and it is easy to see that the measures for v
are the same as those for 7. Hence the latter cannot be supported on a proper
subface. Thus 7 is faithful. By hypothesis (e) (which would be unnecessary
if ur were known to be not singular with respect to Lebesgue measure of the
corresponding dimension), ¥ must be point evaluation at some point r in the
affine space of dimension that of F.

Next, we have to verify that the map Geont (1) = Geont(ftr) is compatible with
the corresponding I' and T'r. Let u* be the signed measure on K with derivative
w; (i.e., projection onto the ith coordinate), so that I'(y) = (y([¢%,1])), and
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Lr(®) = (F([%, 1])). The map Geont(p) — Geont(pr) sends [u', 1] to [, 1], so
that T'(y) = Tp(7). It follows immediately that I'(y) lies in F. As ¥ is a point
evaluation, ['p(7) lies in the relative interior of F', so of course, so does ().
Let 71 and 2 be two pure traces with the same image under I'. If either is
faithful, its image is in the interior, so the other one must be faithful, and thus
both are given by a point evaluation, and by one to oneness of the Legendre
transformation on RY, the point is the same, so the traces are the same. Hence
both must be unfaithful with image in the boundary of K. If we define F; and
F; as we did F' above (for the generic 7), by the previous paragraph, I'(;) lies in
the relative interior of both Fj for j = 1,2; hence F| = F3, and moreover, both
¥, (now known to be defined on the same quotient) must be faithful. Hence they
are point evaluations arising from the same, lower dimensional affine space, and
since the Legendre transformation is one to one on point evaluations, they must

be point evaluations at the same point, i.e., they are the same trace. ]

A two-dimensional example satisfying (a) through (d) but not (e), for which T’
is also not one to one is given in Example 6.3. In this case, the measure y is a
little strange, but absolutely continuous.

In analogy with Theorem 4.3, it should be true that the image of the path of

point evaluations {F(’qu,a(t))} converges to [ wexp(a - w) dur(w).

t—o0
COROLLARY 4.5: Let K be a compact convex polytope with interior in R%, and
let p be a probability measure on K such that cvx suppp = K and h := dp/dA
is a continuous function on K such that for each face F of dimension exceeding
zero, cvx supp (h|F) = F. Then I': Te(Geont(p)) — K is a homeomorphism.

Proof: Simply apply Corollary 3.7 and the results above. ]

5. An ergodic/density theorem

In many cases, either Geont(p) is undefined or the map I': Te(Geont (1)) — K is
not a homeomorphism. When it is a homeomorphism, the point evaluations are
dense in the space-time boundary, Te(Geont(p)). We can ask whether the point
evaluation traces are dense in Te(Goo (1)), which is always defined. A formulation
that characterizes density is derivable from dimension group techniques; however,
the property appears to be more interesting as a consequence of density, rather
than as a precursor. Its form is an equality of two norms, one concerning space-
time and the other spatial, and resembles the ergodic theorem.
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THEOREM 5.1: Let p be a probability measure on R% with compact support,
and set K = cvx supp p; suppose K contains interior. Let G be one of G ont(pt)
(if it exists) or Goo(pt). Then the set of point evaluations is dense in the pure
trace space T.(G) if and only for every nonnegative measure v on mK such that

[v, m] belongs to G,

(w) = sup me exp(r - w) dv(w)

(1) lim  sup div * u™)
e T B w) I w)

=0 we(m4n)K dﬂ(m"L")

The left side of the expression is a limit of a sequence of I3° norms, taken over
the spaces (m+n)K as n increases; it is a general phenomenon that the sequence
of norms is nonincreasing, so the limit exists in any case. The sup norm on the
right is simply the supremum of ¥.([v,m]), the values of the point evaluations.
The right side is clearly spatial, and the left side is space-time. At the moment,
the only useful direction occurs when I' is defined and a homeomorphism (so
the equality occurs as a consequence of density), because I know of no non-
trivial examples where the point evaluations are dense in the pure trace space of
Goo (). We shall discuss what has to be proved when K is the unit interval and

pt is Lebesgue measure (!) for density to occur, later.

Proof of Theorem 5.1: As we noticed in the preceding paragraph, the right
side is sup v, ([v, m]), the supremum being taken over all point evaluations. The
trace space of the partially ordered unital algebra G, 7(G), is a compact convex
set, with the multiplicative traces as extreme points, so the extremal boundary,
Te(G), is compact. Let u denote the element [p, 1] of G (this is the multiplicative
identity element and also an order unit for G, the latter by construction). By
[GH; Lemma 4.1}, for an element, b of the positive cone G,
inf{a € R* |b<au} = sup ~(b)
v€T(G)

sup (b)
YET.(G)

(2)

(we have used the vector space structure of G; this simplifies the form given in
[op. cit.]). From the definition of the limit ordering, for b = [v,m], b < awu if and
only if there exists n such that v+ u{™ < au(™+") or what amounts to the same
thing, for all w in (m + n)K,

(n)
dvp™)
du(m+n)(w) -
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Thus the left side of (2) is the left side of (1) with the limit replaced by lim inf.
However, sup,,(d(v * p(™)/du{m*+™)(w) is non-increasing in n as a simple argu-
ment involving direct limits shows. We conclude that the left side of (1) equals
supyer,(¢) V([v;m)).

If the set of point evaluations is dense in Te(G), then

sup y([v,m]) = sup 7. ([v,m]),
€T (G) reRd

which is the right side of (1); so the left side equals the right side in this case.
If the set of point evaluations is not dense, there exists a positive element b of
G and a trace vy such that that y(b) = 1 but v,(b) < 1/2 for all point evaluations.
To see this, just note that any compact subset of 7(G), in this case, the closure
of the set of point evaluations, can be separated from an extreme point by an
affine continuous function [AE]. The image of G in its representation as affine
continuous functions on the trace space is norm dense, so we may find b with
4(b) = 1 (it can be scaled by a real number close to 1) with ~.(b) < 1/2 for
all r in R%, and 1/4 < 7(b) for all pure traces 7. Since G is a direct limit of
unperforated groups, it is unperforated, and it follows from [EHS; Theorem 1.4],
that b is positive. Hence b = [v,m] for some nonnegative measure and some

integer m. Clearly, (1) does not hold for this choice of [v, m]. [ |

Another consequence of density, is the following fairly weak statement about
the positive cone in Geont (1)

PROPOSITION 5.2: Suppose that G is one of Go, 0F Geont (1) if the latter exists,
and that the point evaluations are dense in T.(G). Let v be a signed measure
such that [v, k] belongs to G and there exists 6 > 0 such that for all  in R?,

Jra exp(r - w) dv(w) >
(fRd exp(r-w)d,u(w))k B

Then there exists n such that v u(™ is a positive measure.

Proof: Density of the trace space together with the condition hypothesized guar-
antees that [v, k] is strictly positive at every pure trace; as G is an unperforated
partially ordered abelian group, [v, k] is a positive element of G [EHS; 1.4], which
is exactly the desired conclusion. ]

Nothing seems to be easy about the extremely large algebras Go. (1) Let pu be
Lebesgue measure on the unit interval, and form G = G (11). To prove density of
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the point evaluations in T.{G), we would have to establish the following. Suppose
v is a signed measure on the interval [0, m] and dv/du(™ is essentially bounded.
Suppose that

fomexp(rt)dl/(t) S
(fol exp(rt) dt)™

for all r in R. Then there would have to be an integer n such that v % u(™

3)

is nonnegative. One can try to find a counter-example, by letting m = 1 and
choosing a strictly decreasing null sequence of nonnegative numbers {a:}ien-
Form g = 37;(=1)*X(as41,0;) (an alternating sum of step functions) and define v
via dv = gdu. The sequence {a;} can be adjusted so that (3) holds for all real r,
but then it is difficult to arrange that hx¢"~! not be nonnegative for sufficiently
small t. (The problem really boils down to behaviour near the boundary.) A
related attempt would involve a function such as h(t) = € + sin1/¢, which has

similar oscillatory properties.

6. Examples

Example 6.1: A measure y on the rectangle K = [0,1] x [0, 2] such that
(i) cvx suppp = K,
(ii) the Radon-Nikodym derivative of u (with respect to Lebesgue mea-
sure, A) is C*, and
(iii) Geom(n) does not exist.
There exist C* functions g and e defined on the unit square with the
following properties:
(a) Both e and g vanish nowhere on the interior of the unit square, and their
integrals over the latter are 1;
(b) all partial derivatives (all orders) of both functions tend to zero near the
boundary;
(c) define e, g::[0,1] — R via e(y) = e(t,y) and gi(y) = g(t,y); then, as
t—0,
hew)dy
Jo 9:(y)dy
(d) for any (measurable) subset Z of [0,1] x [0,1/2],

/ o(zy)dr < / o(z,y) dA.
z 2+0.B)

¥
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Let K, denote the unit square, and K its translate obtained by pushing
it up one unit (so K = Ky U K»); define measure p; on K; via dpy = gdX and
dus = e(x,y — 1) dA\. From property (b), the function f:K — R defined via

_ g(I, y) if (l" y) € A"1
f@.y) = { e(z,y—1) if (x,y) € Ky

is C> and the its support is K, as follows from (a). Now p:= $u; + % jio satisfies
dp = fdix = 5fdA. Condition (c) implies that x becomes increasingly top
heavy (more mass in a small section of K than in Kj)—explicitly, for small ¢
varying slightly, only very small subsets of { (¢,1+ y) | y € [0,1]} are required to
outweigh all of { (t,y) | y € [0,1]}.

We are only interested in the behaviour of u(™ on a small piece of its
support, namely K itself. On K, its restriction is simply the restriction of

2_"u(1"), and on Ky, it is the restriction of 2‘”(nu(1"_1) * g + u(ln)).

As we
shall only be interested in what happens near the y-axis, the pgn) term in the
latter expression can usually be ignored (by (c), its effect is increasingly small,

_1)

as ¢ — 0, when compared with that of u(ln * o on Ks).

Consider the two line segments in K ending at (0,1):
St)=(t,t+1) T(t) = (t,1) t—0,t<1.

Obviously S(t) lies in Ko and T describes the boundary between K; and 5. We
will establish the existence of a continuous function h: X' — R and corresponding
measure v on K (dv = hdy) such that for all sufficiently large n, either

(1) limy—g %(S(t)) or lim;_,q %(T(t)) does not exist, or

(II) the limits exist and are not equal.

Let V; denote the rectangle in Ko with vertices, (0, 1), (¢,1), (0,1+1), and
(t,1+41t). For z = (a,b) in the interior of X, (z — K)N K = (z —nK)NnK and
this is contained in the rectangle with vertices (0,0), (a,0), (0,b), and (a,b). Let
H be the Radon-Nikodym derivative of u(*) with respect to Lebesgue measure.

Then
SO = [ ) = @) don ™ <+ )
= [ bt e+ D) - )dd)
K,uv;

+ [ Bt e+ 1) = (o)) " s ).
Vi
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Now assume that —1 < h < 1, his 1 on Vy;4 — (0,1), and h is —1 off a small
neighbourhood of it. For ¢ < 1/4, the right integral is simply nugn_l) * fo(V3);
the first integral (second line of displayed equarion) is over a set with proportion-
ately very small mass—as ¢ tends to 0, the ratio u{™ (K, UV,)/(nul" ™" % ua(V2))
becomes arbitrarily small. The outcome is that 27" (h x H)(S(t)) behaves as
nugn_l) * ug(V;) for small t. On the other hand, 2~ u(™+V(K NV}) just decom-
poses as nu(ln_l) * (Vi) + u(ln)(Kl NV;), and the second term is small in ratio
to the first. So we have
. d{vx /1("))
I g
On the other hand, the limit along T(t) is even easier to compute, since
((¢,1) — K) N K is just the rectangle W, = [0,¢] x K;. Thus
1

o (h» HY(T(1)) = / B((tt+1) — (2,9)) du™).

w,
Property (d) implies something about p;—that mass moves away from the

boundary on repeated convolution. Property {d) revised to
u?(2) < (2 + (0,1/2))

holds for sufficiently large n. As h is —1 over most of K;, we deduce that
h x H(T(t)) is eventually negative. So h has the desired properties. It follows
immediately that Geont (1) does not exist. ]

Now we give a general result in the planar case, even allowing faces that

are not exposed.

THEOREM 6.2: Let K be a planar compact convex set with interior. Let h: K —
R be a nonnegative continuous function such that cvx supp h = K, and such that
if F is an edge (i.e., a one-dimensional face) of K for which h|F is identically
zero, then the directional derivative (u- Vh)|F exists and is not identically zero,
where u is a vector exposing F. Then Geone(p) exists. If additionally, for every
edge F', either cvx supp h|F = F or h|F = 0 but cvx supp ((u-Vh)|F) = F, then
T:Te(Geont(1r)) — K is a homeomorphism.

Proof: We observe that all one dimensional faces are facets here and thus are
exposed; in view of the discussion between Lemma 3.5 and Theorem 3.6, the only
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problem will be continuity of the Radon-Nikodym derivatives at an extreme but
not exposed point. To this end, we adapt the argument in the case of an exposed
point, namely Lemma 3.1. In place of the U, (later called A.) determined by a
single exposing vector, u, we obtain a decreasing sequence of open sets determined
by a suitable family of vectors which “almost exposes” the point.

Let v be an extreme but not exposed point of K. By a suitable affine linear
transformation, we may assume there is a neighbourhood, V, of v in K that is
the region under the graph of an increasing function f:[—1,1] — [0,1] with the
following properties:

o f is concave (as an ironic twist to the definition of convex function versus
convex set, it is concavity of f that guarantees convexity of the region);

e f is strictly increasing on [—1,0], and f(¢) = f(0) =1 for ¢t > 0;

e v is the point (0,1) = (0, f(0)) and the derivative from the left of f exists
(since f is increasing) and is zero at 0 (this is precisely what makes v not
exposed).

Being concave on a neighbourhood of zero, f is continuous there. Let u; =
(ai, b;) be outward normal vectors (to be specific, “normal” means with respect
to the derivatives from the left, which exist almost everywhere) to the points
v = (24, f(x;)), with u; - v; = 1 where z; is monotone increasing up to zero. We
claim there exists a null sequence §; of positive numbers such that.

Uq

{v} = {keK | 1_—6—’“ is bounded} :

It is immediate that whatever §; are chosen (going to zero), the set on the right is
contained in the edge containing v; in particular, we do not have to worry about
points in K outside V. We observe that u; converges to (0,1) and a; < 0, b; > 0.
Select a point w = (¢, 1) on the edge, with ¢ > 0. Then

1—u;-w  1-€a;—b;

1+ e|aif.
l—w-v  1-b 1-b’

so it would be sufficient to show (1—b;)/(—a;) — 0. The “tangent” at (z;, f(z;))
has slope —a;/b;. A simple convexity argument (or just draw the diagram) yields
_a 11— f(zi)

> ——7">0.
bi —x;
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From «;z; + b; f(z;) = 1, we deduce

1-bi _ 1-bif(z:) n bif(x:) — b

—a; —Zi —Z;
< max{l—bif(xi),bil —f(l'z’)}
—T; —T;
< max{-a;,—a;} = —a;.

As a; — 0, we can set §; = 1 — b; and we are done.

Now we are in position to prove the analogue of Lemma 3.1 for an extreme
but not exposed point v. If z;, is a convergent subsequence of {z;}, and z;,
belongs to (2;, — K2) N K, then any limit point of {z; } can only be v; this
follows from the almost exposure property just obtained. It follows immediately
that there exists € > 0 such that for all sufficiently large ¢, for all z in 2; — Ko,
dist (z — z9) < €. Now the argument of Lemma 3.1 can be adapted directly.

This yields that Geone(p) exists. The rest of the statement can be deduced
from results in section 4. |

Example 6.3: A planar compact convex set K with an absolutely continuous
measure p such that Geone(1t) exists, I' is one to one on the interior, but not on
the boundary; it also demonstrates the sensitivity to small changes of properties
of I'.

Let K be the convex hull of the unit disk (centred at the origin) and two
translated copies, say by (2,0) and (a,0) where @ > 4. Begin by assigning
to each disk its usual Lebesgue measure. The first objection is that the Radon-
Nikodym derivative of the sum (with respect to Lebesgue measure on K) will not
be continuous; however all of its higher convolution powers will have absolutely
continuous R-N derivatives. The next objection is that there is no mass on
portions of the interior; remedy this by adding a bounded C* function that is
strictly positive on the interior of K and all of whose derivatives vanish on the
boundary of K.

(See Illustration 6.3; K resembles a European hockey* rink;** the lightly
greyed areas have the only the mass from the smooth function, while the darkly

* Ice hockey, of course!
** North American hockey rinks are considerably more flattened at the ends; Eu-
ropean hockey rinks are only somewhat flattened, which in fact would make this
example a little easier.
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greyed areas have additionally Lebesgue measure.)

Illustration 6.3

Let F denote the top edge; similar remarks apply to the bottom edge. It is
easy to check that the limiting measure up exists and is just the discrete measure
with equal weights at (0,2), (2,2), and (@,2). In order to use Lemma 3.5, we
would require up(8F) = 0 which is clearly not the case. However, the proof of
the latter can be modified to accommodate the situation that p(I,?)(a(nF)) — 0,
which does hold here. In order to show Geoni(pt) exists, it remains to deal with
the four extreme but not exposed points of K. There are two remedies: either
flatten the ends slightly, so all extreme points are exposed (and the resemblance
to a hockey rink is increased) or deal with the extreme points as in the proof of
Proposition 5.2. In either case, 3.1-3.3 will finish the argument that G, exists.
(It should be true that if Geone (p2:) exists for py and pg, then Geont {1 * p12) exists
as well; this would considerably simplify the example and the argument.)

To deal with I', we attempt to apply Theorem 4.4. Only property (e) is in
doubt; if o is rational, then Geoni{ptr) is an algebra of certain rational functions
in one variable, and it is very easy to see that (e) applies directly. However, if «
is irrational, then G on(ptr) is just a special case of Example 2.5, and (e) does
not apply. In fact, in the course of the proof of Theorem 4.4, it is shown (without
using (e)) that Geont(pF) is a quotient of Geont(1t) by an order ideal, any pure
trace on the quotient lifts to a pure trace on Geont (1), and moreover, the two I's
are compatible. Since I'r is not one to one on the interior of F, it follows that I"
itself is not one to one. In particular, I' is one to one if and only if « is rational,

which demonstrates the sensitivity to small perturbations.

When « is irrational, in fact each point of the relative interior of F' corre-
sponds to a line of traces on G.ont(1t); the only way to draw this would be to have
fins extending out from each of the two edges, creating the Edsel of irrational
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hockey rinks!

Obviously this example could be modified by fixing the distance between
the centres of the first and third disks, and letting « be the distance from the
first to the second; then K remains the same for all values of the parameter, so
we obtain a one parameter family of measures on a fixed compact convex set
with the property that I' is a homeomorphism if and only if the the parameter

is rational. |
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